Rational Polygons as Rotation Sets of Generic Homeomorphisms of the
  Two-Torus by Passeggi, Alejandro
ar
X
iv
:1
20
8.
26
14
v2
  [
ma
th.
DS
]  
20
 A
ug
 20
12
RATIONAL POLYGONS AS ROTATION SETS OF GENERIC
HOMEOMORPHISMS OF THE TWO TORUS
ALEJANDRO PASSEGGI
Abstract. We prove the existence of an open and dense setD ⊂ Homeo0(T
2) (where Homeo0(T
2)
denotes the set of toral homeomorphisms homotopic to the identity) such that the rotation set
of any element in D is a rational polygon. We also extend this result to the set of axiom A dif-
feomorphisms in Homeo0(T
2). Further we observe the existence of minimal sets whose rotation
set is a non-trivial segment, for an open set in Homeo0(T
2).
1. Introduction.
Rotation theory in the two dimensional torus can be seen as a first attempt to generalize
Poincare´’s combinatorial theory on the dynamics of orientation-preserving circle homeomor-
phisms. In this theory, a complete description of the qualitative dynamics associated to f ∈
Homeo+(S
1) (where Homeo+(S
1) denotes the set of orientation-presearving homeomorphisms)
can be given via the so called rotation number ρ(F ), which is defined by ρ(F ) := limn
Fn(x)−x
n
for some F lift of f and x ∈ R, but does not depend on x.
In the context of the two dimensional torus one considers the space of homeomorphisms
homotopic to the identity Homeo0(T
2). However since it is impossible to ensure the independence
of the limit on x or even the existence as in the circle case, one has to consider the set of
all possible limits. Let T2 := R2/Z2 be the two torus, pi : R2 → R2/Z2 be the projection,
f ∈ Homeo0(T
2), C ⊂ T2 a compact and f -invariant set and F : R2 → R2 lift of f . The rotation
set on C is defined by
ρC(F ) =
{
v ∈ R2 : v = lim
i
Fni(xi)− xi
ni
: xi ∈ pi
−1(C), ni ր +∞
}
We refer to ρT2(F ) as the rotation set of f and denote this by ρ(F ). Further we define
ρ(f) := ρ(F )( mod Z2). The following fundamental result is due to M. Misiurewicz and K.
Zieman ([MZ1]).
Theorem 1.1. ρ(F ) is a compact and convex set for any lift F .
We also have the following properties for the rotation set:
(1) ρC(F ) is a compact set.
(2) If there exist a map h : T2 → T2 homotopic to the identity such that h ◦ g = f ◦ h for
some f, g ∈ Homeo0(T
2) we say that g is semi-conjugate to f by h. In this case, we have
ρC(f) = ρh(C)(g) for any closed and g-invariant set C.
(3) Given a compact set A ⊂ R2, we denote by conv(A) to the convex hull of A. Then we
have that conv(ρC(F )) = conv(ρΩ(f)∩C (F )) where Ω(f) is the non-wandering set of f
(see section 3).
(4) For every n ∈ Z, ρC(F
n) = n · ρC(F ).
Properties 1,2, and 4 are not difficult to prove. For property 3 some ergodic-theoretical
concepts related to the rotation set need to be introduced, see [MZ1] and [D].
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After Misiurewicz’s and Zieman’s result, the theory has been developed by studying the three
following cases:
(1) the rotation set is given by a single point;
(2) the rotation set is given by a segment;
(3) the rotation set has non-empty interior.
Interesting dynamical implications have been found for each one of the cases (see for instance
[F1, F2, MZ2, LM, D, J]), and still are studied. A rather different problem is to determine which
convex sets of the plane can be realized as the rotation set of some f ∈ Homeo0(T
2).
For this problem, there are still no answers to fundamental questions. If we see the problem
in each of the three cases we have:
• For the first case, any single point in the plane can obviously be realized as a rotation
set of some homeomorphism.
• For the second case there is a conjecture due J. Franks and M. Misiurewicz, which states
that the segments which can be realized as rotation set either contain a rational point
as an endpoint or they contain infinitely many rational points. This conjecture is still
open.
• For the third case it is not known whether all convex set in the plane with non empty
interior can be the rotation set of some homeomorphism. In this direction J. Kwapisz
has shown that every polygon in the plane with rational vertices can be realized as a
rotation set (see [K1]). Also in [K2] Kwapisz constructs a diffeomorphism in Homeo0(T
2)
such that its rotation set contains countably many extremal points.
In this work we prove first that generically the rotation set is given by a rational polygon.
Here, a rational polygon is any convex set in the plane with finitely many extremal points which
are rational. Note that this could be even segments and single points, to which we refer as
degenerated rational polygons. We consider the C0 topology in Homeo0(T
2), and we obtain the
following result.
Theorem. There exists an open and dense set D ⊂ Homeo0(T
2) such that for every f ∈ D the
rotation set ρ(F ) is a rational polygon (possibly degenerate).
This result (which is restated below as Theorem 3.6) can be seen as a generalization of
the corresponding result in the circle theory, which asserts that for an open and dense set
in Homeo0(S
1) the rotation set of any element belonging to this set has a rational rotation
number. Further this result generalizes S. Zanata’s result [Z], in which is proved that if for some
homoemorphism f the rotation set has an irrational extremal point, then the rotation set can
be modified with arbitrary small perturbations of f .
The idea is to see that the rotation set of certain axiom A diffeomorphism are rational
polygons (for which we were inspired by the articles [K1] and [Zi]), and then making use of the
genericity and robustness of these diffeomorphism to construct the set D. After having obtained
this first result, we extend it to all Axiom A diffeomorphism in Homeo0(T
2) by using techniques
from hyperbolic dynamics (see Section 4).
Theorem. Let f ∈ Homeo0(T
2) be an axiom A diffeomorphism. Then ρ(F ) is a rational
polygon.
Finally, we consider rotation sets on minimal sets of elements in Homeo0(T
2). As the definition
of minimal set can be seen as a natural generalization of periodic orbits, one could guess that
the rotation set on a minimal set is given by a unique point, as in the case of periodic orbits. We
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see here that this is not true. In fact, we observe in general that the rotation sets on minimal
sets are continua, and further we prove the following result (see Corollary 5.4):
Theorem. There exist an open set D′ ⊂ Homeo0(T
2), such that any f ∈ D′ has a minimal
set M with ρM(F ) given by a non-trivial segment. Furthermore, D
′ is dense in the set of
homeomorphisms whose rotation set has non-empty interior.
Acknowledgments: I would like to thank Tobias Ja¨ger, Martin Sambarino and Rafael Potrie
for very useful comments and discussions, which have inspired important ideas for this article.
2. Symbolic representation and rotation set.
Let us consider a closed and invariant set C ⊂ T2 of f ∈ Homeo0(T
2), and a family S =
{S0, ..., SM} of pairwise disjoint sets contained in T
2 such that:
• Si is homeomorphic to the unit square for every i = 0, ...,M ;
• C ⊂
⋃M
i=0 Si.
We say that S is a finite partition of C by rectangles. For the sake of simplicity we refer
to S as a partition. As usual, for every partition S we can associate the space of sequences of
symbols ΩS ⊂ {0, ..., N}
Z defined as
ΩS =
{
ξ ∈ {0, ..., N}Z : ∃ x ∈ C such that fn(x) ∈ Sξ(n)∀n ∈ Z
}
.
The space ΩS is closed and invariant under the shift σ : {0, ..., N}
Z → {0, ..., N}Z , defined
by σ(ξ)(n) := ξ(n + 1) for every n ∈ Z. Furthermore, there is a natural onto map h : C → ΩS
given by the relation fn(x) ∈ Sh(x)(n) for every n ∈ Z, which semi-conjugates f |C with σ |ΩS
(that is h ◦ f = σ ◦ h holds in C).
2.1. Symbolic representation and displacement. We say that an open, connected and
bounded set D ⊂ R2 is a trivial domain if pi|D : D → pi(D) is a homeomorphism. If C and
S = {S1, ..., SM} are as above, we say that S is a rotational partition if there exists a trivial
domain D such that:
(1) pi(D) ⊃
⋃M
i=0 Si;
(2) if we consider S˜i := pi
−1(Si) ∩ D for i = 0, ...,M and a lift F of f , then for each
i = 1, ...,M there is a unique vector si ∈ Z
2 such that F (S˜i) ⊂ D + si.
Notice that a roational partition has the following properties: (1) S˜i := pi
−1(Si) is a rectangle,
and (2) the image of any rectangle S˜i by the lift F meets at most one integer translation of any
rectangle S˜j.
Given a surface S, A ⊂ S and x ∈ A, we denote by [A]x the connected component of x in A.
Let us consider a rotational partition S = {S0, ..., SN} of a closed and f -invariant set C, and a
fixed n ∈ N. Then for every i ∈ {0, ..., N} we define the following families of subsets of T2:
Ii =

pi([K]x) : K = Fn(S˜i) ∩ pi−1

 N⋃
j=0
Sj

 , x ∈ pi−1(C) ∩K

 and fn∗ (S) =
N⋃
i=0
Ii.
For a partition S we define the positive number dS := max{diam(Si) : Si ∈ S}. The following
are simple observations. We omit the proofs.
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Remark 1. For every closed set C which admits a partition R, there exists ε0 > 0 such that
every partition S of C with dS < ε0 is a rotational partition.
Remark 2. If fn∗ (S) is a partition of C, then it is a rotational partition for f
n.
Given a partition S we consider ΩS and the semi-conjugacy h.
Proposition 2.1. Let S be a rotational partition of C. Then, for every x ∈ pi−1(C) and n ∈ N
we have Fn(x) ∈ B(x+
∑n−1
j=0 sij , 2 · dS), where ij = h(pi(x))(j) for j = 0, ..., n − 1.
Proof. Let R = 2 · dS . For a fixed n > 0 and x ∈ pi
−1(C) we have that f j(pi(x)) ∈ Sij where
ij = h(pi(x))(j) for every j = 0, ..., n. Therefore for every j = 0, ...,M F
j(x) ∈ S˜ij + vj , for some
vj ∈ Z
2 (S˜i as in the definition of the rotational partition). Moreover, for every j = 1, ...,M
we have vj = vj−1 + sij−1 and v0 = u with u ∈ Z
2 such that x ∈ S˜i0 + u. This implies by
replacement that Fn(x) ∈ S˜in + sin−1 + ... + si0 + u, hence F
n(x) ∈ B(x +
∑n−1
j=0 sij , R) where
ij = h(pi(x))(j) for j = 0...n − 1.

Now we introduce some previous notation before stating an important corollary about the
rotation set of F on C. We define the set of finite words ΩfS ⊂ ΩS as
ΩfS = {α : {0, 1, ..., lα − 1} → {0, ...,M} : lα ∈ N and for some ξ ∈ ΩS α(i) = ξ(i)∀i = 0, ...., lα − 1}
For α ∈ ΩfS we call lα the length of α. Further, we define a function ψ : Ω
f
S → R
2 by
ψ(α) =
∑lα
j=0 sα(j).
Corollary 2.1. Let S be a rotational partition of C, then
ρC(F ) =
{
v ∈ R2| ∃ (αi)i∈N ⊂ Ω
f
S with lαi ր +∞ and v = limi
ψ(αi)
lαi
}
2.2. Finite Markov partitions and the rotation set. We call a function
τ : {0, ...,M} → P({0, ...,M}) with ∅ /∈ Im(τ) transition law. Given a transition law we define
Ωτ ⊂ {0, ...,M}
Z as the set of sequences ξ such that ξ(n+ 1) ∈ τ(ξ(n)) for every n ∈ Z. Let us
consider a partition S = {S0, ..., SM}. We say that S is a (finite) Markov partition if ΩS = Ωτ
for some transition law τ . In this subsection we want to prove that the convex hull of ρC(F ) is
a rational polygon whenever C admits a rotational Markov partition.
Now if we consider the space of finite words ΩfS for a Markov partition and two elements
α1, α2 ∈ Ω
f
S with lengths l1, l2 respectively such that τ(α1(l1)) = α2(0), the function α1α2 :
{0....l1 + l2} → {0, ...,M} given by α1α2(i) = α1(i) if i = 0...l1 − 1, and α1α2(i) = α2(i − (l1))
if i = l1, ..., l1 + l2 − 1 is an element of Ω
f
S . We call α1α2(i) the concatenation of α1 and α2.
In particular, if ν ∈ ΩfS verifies that ν(0) ∈ τ(ν(lν − 1)) then one can consider for each n ∈ N
the word νn ∈ ΩfS given by ν
n = ν...ν︸︷︷︸
n−times
. We call this kind of elements periodic words and
denote by ΩPerS ⊂ Ω
f
S the set of periodic words. Then is easy to see that for any ν ∈ Ω
Per
S the
vector ψ(ν)
lν
belongs to ρC(F ). We also add an extra word θ to Ω
f
S that we call the trivial word
which verifies θα = αθ = α for every α ∈ ΩfS .
In what follows we denote by cl[A] the closure of A ⊂ R2, by conv(A) the convex hull of A
and let ρPerC (F ) =
{
v ∈ R2| ∃ (αi)i∈N ⊂ Ω
Per
S with v = limi
ψ(αi)
lαi
}
.
Lemma 2.1. Suppose that S is a rotational Markov partition of C. Then ρC(F ) ⊂ cl[conv(ρ
Per
C (F ))].
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Proof. Let v ∈ ρC(F ). Then by Corollary 2.1 we have v = limi
ψ(αi)
lαi
with αi ∈ Ω
f
S for every
i ∈ N and lαi strictly increasing to +∞. For a fixed ε > 0, we want to show the existence of an
element of conv(ρPerC (F )) which is ε-close to v. We consider kε ∈ N which verifies that for every
i > kε we have lαi > M and
∥∥ψ(αi)
lαi
− ψ(αi)−ψ(β)
lαi−lβ
∥∥< ε2 for every β ∈ ΩfS with lβ ≤M .
Let i > kε such that
∥∥v − ψ(αi)
lαi
∥∥< ε2 . Since lαi > M there exist at least two different
elements j1, j2 ∈ {0, ..., lαi} such that αi(j1) = αi(j2). This implies that αi = γ1ν0γ2 for some
γ1, γ2 ∈ Ω
f
S with at least one different of θ and ν0 ∈ Ω
Per
S . Moreover since ν0 is a periodic word
α0 = γ1γ2 ∈ Ω
f
S is a well defined non trivial word and ψ(αi) = ψ(α0)+ψ(ν0) with lν0+ lα0 = lαi .
Now if lα0 > M we can do the same as we did with αi and produce ν1 ∈ Ω
Per
S , α1 ∈ Ω
f
S such
that ψ(αi) = ψ(α1) + ψ(ν1) + ψ(ν0) with lν0 + lν1 + lα1 = lαi .
If we apply this argument recursively we obtain ν0, ..., νr ∈ Ω
Per
S and αf ∈ Ω
f
S with lαf ≤M
such that ψ(αi) =
∑r
k=0 ψ(νk) + ψ(αf ) and
∑r
k=0 lνk + lαf = lαi . Hence by definition of kε
follows that
∥∥ψ(αi)
lαi
−
∑r
k=0 ψ(νk)∑r
k=0 lνk
∥∥< ε2 which implies that ∥∥v−
∑r
k=0 ψ(νk)∑r
k=0 lνk
∥∥< ε. Since w = ∑rk=0 ψ(νk)∑r
k=0 lνk
belongs to conv(ρPerC (F )), this finishes the proof.

As we have said the goal of this subsection is prove that conv(ρC(F )) is a rational polygon
whenever C admits a rotational Markov partition S. Due to Lemma 2.1 it is sufficient to prove
that conv(ρPerC (F )) is a rational polygon. The next observation is rather simple, so we do not
give the proof.
Remark 3. Suppose that there exists a constant K > 0 such that for every w ∈ R2 the function
< w, . >: ρPerC (F ) → R is maximized by
ψ(ν)
lν
with ν ∈ ΩPerS , lν ≤ K. Then, conv(ρ
Per
C (F )) is a
rational polygon with vertices in the finite set
{
ψ(ν)
lν
: ν ∈ ΩPerS , lν ≤ K
}
.
Theorem 2.1. Suppose that S = {S0, ..., SM} is a rotational Markov partition for C. Then
conv(ρPerC (F )) is a rational polygon with vertices in
{
ψ(ν)
lν
: ν ∈ ΩPerS , lν ≤M
}
.
Proof. By definition ρPerC (F ) is contained in the compact set ρC(F ). Hence, for a fixed w ∈ R
2
there exists L = sup {〈w, v〉 : v ∈ ρPerC (F )} = sup
{
〈w,ψ(ν)〉
lν
: ν ∈ ΩPerS
}
. Our goal is to prove
that L = sup
{
〈w,ψ(ν)〉
lν
: ν ∈ ΩPerS , lν ≤M
}
where M is the size of the partition. Due to the
last remark, this implies the desired result. Hence for every ε > 0 we want to find an element
νε ∈ Ω
Per
S with lνε ≤M such that L−
〈w,ψ(νε)〉
lνε
< ε.
For a fixed ε > 0 we consider ν0 ∈ Ω
Per
S such that L −
〈
w, ψ(ν0)
lν0
〉
< ε. If lν0 ≤ M we are
done. If lν0 > M there exists ν
′
0 ∈ Ω
Per
S and α1, α2 ∈ Ω
f
S with at least one of the two different
from θ such that ν0 = α1ν
′
0α2, α1α2 ∈ Ω
Per
S and lα1 + lα2 + lν′0 = lν0 . Therefore
〈w,ψ(ν0)〉
lν0
=
〈w,ψ(α1α2)〉+〈w,ψ(ν′0)〉
lα1+lα2+lν′
0
which implies that either 〈w,ψ(ν0)〉
lν0
≤
〈w,ψ(ν′0)〉
lν′
0
or 〈w,ψ(ν0)〉
lν0
≤ 〈w,ψ(α1α2)〉
lα1α2
.
Thus there exist ν1 ∈ Ω
Per
S such that
〈w,ψ(ν0)〉
lν0
≤ 〈w,ψ(ν1)〉
lν1
and lν1 < lν0 .
Applying the above argument recursively, we eventually find a periodic word νε ∈ Ω
Per
S such
that lνε ≤M and L−
〈w,ψ(νε)〉
lνε
< ε.

Corollary 2.2. Suppose that S is a rotational Markov partition of C. Then conv(ρC(F )) is a
rational polygon with vertices in
{
ψ(ν)
lν
: ν ∈ ΩPerS , lν ≤M
}
.
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3. Construction of the set D.
Let M be a compact manifold and f :M →M be a diffeomorphism. We say that a compact
set Λ ⊂M is a hyperbolic set if there exist C > 0, λ ∈ (0, 1) and a decomposition of the tangent
bundle over Λ given by TxM = E
s
x ⊕ E
u
x (stable and unstable vector bundles) such that:
(1) Dxf(E
s
x) = E
s
f(x),Dxf
−1(Eux ) = E
u
f−1(x) for every x ∈ Λ.
(2) ‖(Dxf)
n|Esx‖< C · λ
n and ‖(Dxf)
−n|Eux ‖< C · λ
n for every x ∈ Λ, n ∈ N.
http://www.180.com.uy/
Further, we say that Λ is a basic piece of f if it is a compact invariant hyperbolic set, transitive
(Λ = cl[{fn(x) : n ∈ Z}] for some x ∈ Λ) and locally maximal (there exist a neighborhood U of
Λ such that
⋂
n∈Z f
n(U) = Λ).
Let f :M →M be a homeomorphism and x ∈M , Then:
• for ε > 0 the local stable set of size ε is defined as
W sε (x, f) = {y ∈M : d(f
n(y), fn(x)) < ε for every n ∈ N},
and the local unstable set of size ε as
W uε (x, f) = {y ∈M : d(f
−n(y), f−n(x)) < ε for every n ∈ N};
• the stable set is defined as
W s(x, f) = {y ∈M : lim
n→+∞
d(fn(y), fn(x)) = 0},
and the unstable set as
W u(x, f) = {y ∈M : lim
n→−∞
d(f−n(y), f−n(x)) = 0}.
For a hyperbolic set Λ of some diffeomorphism f we have the so called Stable Manifold
Theorem.
Theorem 3.1 (Stable Manifold Theorem, [KH]). LetM be a compact manifold and f :M →M
a Cr diffeomorphism with hyperbolic set Λ. Then there exists ε > 0 such that for every point
x ∈ Λ we have:
(1) W sε (x, f) is a C
r embedded manifold such that TxW
s
ε (x, f) = E
s
x and W
s
ε (x, f) varies
continuously with x (as Cr sub-manifold);
(2) W sε (x, f) ⊂W
s(x, f);
(3) W s(x, f) =
⋃
n∈N f
−n(W sε (x, f)) is a C
r immersed manifold.
The analogous result holds for the unstable set.
A first remark concerning this theorem is that for a basic piece the dimension of the stable
and unstable bundles are constant and they vary continuously (this can be proved directly from
the definition of basic piece). This implies that we can define the index of a basic piece as the
dimension of its unstable vector bundle. When a basic piece has index 1 we say it is a saddle
piece. Further properties for basic sets will be presented in the next section. Next we want to
define axiom A diffeomorphisms. We denote by Per(f) the set of periodic points of f and recall
that the non-wandering set of f is defined as:
Ω(f) := {x ∈M : ∀U neighborhood of x fn(U) ∩ U 6= φ for some n ∈ N}
Let M be a compact manifold. We say that a diffeomorphism f :M →M is axiom A if
• Ω(f) = cl[Per(f)];
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• Ω(f) is hyperbolic.
The dynamical properties of these systems are well-understood. Further, under additional
hypothesis these systems are robust in different senses and play a crucial role in the theory of
generic dynamics (see references below). We will make use of these facts for constructing the
set D.
Theorem 3.2 (Spectral decomposition theorem, [N]). Let f : M → M be an axiom A diffeo-
morphsim. Then, there exist a finite number of pairwise disjoint basic pieces Λ1, ...,Λn ⊂M for
f such that Ω(f) = Λ1 ∪ ... ∪ Λn. Further, for each i = 1, ..., n there exists a finite number of
compact and pairwise disjoint sets Λi0 , ...,Λik−1 such that:
• for every j = 0, ..., k − 1 f(Λij) = Λij+1 mod(k − 1);
• for any x ∈ Λij the sets W
u(x, f),W s(x, f) are dense in Λij ;
• fk |Λij is topologically mixing.
We say that an axiom A diffeomorphism satisfies the transversality condition if for any two
points x, y ∈ Ω(f), we have that W u(x, f) intersects W s(y, f) transversally.
The following theorem shows the semi-stability of axiom A diffeomorphisms with the transver-
sality condition (for any compact manifold) and is due to Z. Nitecki.
Theorem 3.3. [Ni]
Let f ∈ Homeo0(T
2) be an axiom A diffeomorphism with the transversality condition. Then,
there exists a neighborhood U(f) ⊂ Homeo0(T
2) of f such that any g of U(f) is semi-conjugate
to f by a semiconjugacy h homotopic to the identity.
We mention here that the fact of the map h to be homotopic to the identity is not explicitly
stated in Z. Nietecki’s article, but is a well known fact that this kind of maps can be constructed
by the Shadowing Lemma such that they are close to the identity, and therefore homotopic to
the identity. The above theorem, together with the properties of the rotation set given in Section
1, implies the following corollary:
Corollary 3.1. Let f ∈ Homeo0(T
2) be an axiom A diffeomorphism that satisfies the transver-
sality condition. Then there exists an open neighborhood U(f) ⊂ Homeo0(T
2) of f such that for
every g ∈ U(f) we have ρ(g) = ρ(f).
We say that a diffeomorphism f : M → M is a fitted axiom A diffeomorphism if it is axiom
A, has the transversality condition and Ω(f) is totally disconnected. For a given manifold M
we denote by F the family of fitted axiom A diffeomorphisms.
Theorem 3.4. [SS]
Let M be a compact manifold. Then F is dense in Homeo(M) with the C0 topology.
A nice exposition of this result in surfaces can be found in [F3]. We now turn to the existence
of Markov partitions for totally disconnected saddle basic pieces of f ∈ Homeo0(T
2), with some
extra properties needed for further applications in the following sections. The main result that
we are going to provide can be found for instance in [Be], where Markov partitions are defined
in a stronger way, verifying at once all the properties that we request. We should say that
the general idea of associating Markov partitions to basic pieces in any dimension, is due to
R. Bowen [Bo]. Next we introduce some notations and remarks which will be used not in this
section, but in the last section of this article.
We say that a hyperbolic set Λ has local product structure if there exists δ0 > 0 such
that given ε0 > 0 as in the (Un)Stable Manifold Theorem and any two points x, y ∈ Λ with
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d(x, y) < δ0 we have that W
u
ε0
(x, f) ∩W sε0(y, f) ⊂ Λ. It turns out that for a hyperbolic set Λ,
the existence of a local product structure is equivalent to be locally maximal. Hence every basic
piece has local product structure.
Let S be a partition of a totally disconnected saddle basic piece Λ. We say that S ∈ S is an
us-box if
• diam(S) < δ0, where δ0 is given by the local product structure;
• there exists a homeomorphism h : [0, 1]2 → S such that for every x ∈ S ∩Λ we have that
W uε0(x, f) ∩ S = h([0, 1] × {bx}), W
s
ε0
(x, f) ∩ S = h({ax} × [0, 1])
where (ax, bx) = h
−1(x), and
h({(0, 0), (0, 1), (1, 0), (1, 1)}) ⊂ Λ.
We say that S is a us-partition if every element in S is a us-box. When S is a also a Markov
partition we say that S is a us-Markov partition. Let S be a us-box of a partition of Λ. We say
that H ⊂ S is a horizontal rectangle if H = h([0, 1] × [c, d]). Analogously we say that V ⊂ S is
a vertical rectangle if V = h([a, b] × [0, 1]).
Given an us-partition S = {S0, ..., SN} of Λ, we say that it has the intersection property if
for every i, j ∈ {0, ..., N}, x ∈ Λ ∩ Si, y ∈ Λ ∩ Sj and n ∈ N with f
n(x) = y we have
• V = [f−n(Sj) ∩ Si]x is a vertical rectangle;
• H = [fn(Si) ∩ Sj]y is a horizontal rectangle.
Remark 4. Let S be an us-partition with the intersection property and i, j ∈ {0, ..., N}. Further
assume that there exists x ∈ Si and y ∈ Sj such that f
n(x) = y for some n ∈ N. Then the
vertical rectangle V = [f−n(Sj) ∩ Si]x and the horizontal rectangle H = [fn(Si) ∩ Sj ]y verify
fn(V ) = H.
We are now ready to state the theorem about Markov partitions associated to totally discon-
nected saddle basic pieces with the desired properties.
Theorem 3.5. [Be]
Let Λ be a totally disconnected saddle basic piece of f ∈ Homeo0(T
2). Then for every ε > 0
there exists a partition S of Λ such that:
(1) S is a us-Markov partition for f with the intersection property, and dS < ε;
(2) for every n ∈ N, fn∗ (S) is a Markov partition of Λ for f
n.
The point (2) in the last Theorem is not explicit in the reference as a property for the
partitions, but it is a direct consequence of their construction (and in general a well-known
fact). Now by making use of the remarks 1 and 2 we have the following crucial consequence:
Corollary 3.2. Let Λ be a totally disconnected saddle basic piece of f ∈ Homeo0(T
2). Then
there exists a partition S such that:
(1) S is a rotational us-Markov partition for f with the intersection property, with dS arbi-
trarily small;
(2) for every n ∈ N, fn∗ (S) is a rotational Markov partition of Λ for f
n.
The following is an useful observation for computing the rotation set of an axiom A diffeo-
morphism.
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Remark 5. Let Λ1, ...,Λn be basic pieces of f such that conv(ρΛi(F )) are rational polygons
for i = 1, ..., n. Then, if Λ = Λ1 ∪ ... ∪ Λn we have that conv(ρΛ(F )) is a rational polygon.
Furthermore, if Λ = Ω(f) then ρ(F ) is a rational polygon.
This observation is easily proved by making use of the properties of the rotation set given in
Section 1. Now we are able to construct the set D in the following theorem.
Theorem 3.6. There exists an open and dense set D ⊂ Homeo0(T
2) such that for any f ∈ D,
the rotation set ρ(F ) is a rational polygon.
Proof. Let us consider F0 = {f ∈ Homeo0(T
2) : f is a fitted axiom A diffeomorphism}. Given
an element f ∈ F , Theorem 3.2 implies that we can associate a rotational Markov partition to
each basic piece Λ of f . Therefore, Corollary 2.2 implies that conv(ρΛ(F )) is a rational polygon
for each basic piece Λ. Hence by the last observation, ρ(F ) is a rational polygon for every
f ∈ F0.
Now, if for every f ∈ F0 we consider the neighborhood U(f) given by the corollary 3.1, then
we have that D =
⋃
f∈F0
U(f) is an open and dense set in Homeo0(T
2), and for every g ∈ D the
set ρ(G) is a rational polygon for any lift G of g.

4. Extension to any axiom A diffeomorphism.
The aim of this section is prove that the rotation set of any axiom A diffeomorphism in
Homeo0(T
2) is a rational polygon. From the last section, we know that this is true for any
fitted axiom A diffeomorphism in Homeo0(T
2). Thus, one first may ask about the existence or
not of axiom A diffeomorphisms which are not fitted in Homeo0(T
2). However, is not difficult
to construct, by using the Plykin attractor, an axiom A diffeomorphism f ∈ Homeo0(T
2) with
a basic piece Λ that is non-totally disconnected (see [KH]). Further, one can manage the
construction in a way that Λ is not contained in a fordward invariant topological disk, so we
dont have ρΛ(F ) = {v} with v rational.
In what follows we introduce some preliminary notions and remarks, which are folklore of
hyperbolic dynamics, see for instance [KH]. We have that every hyperbolic sets is expansive,
that is: given a hyperbolic set Λ there exists a positive constant γ (constant of expansiveness)
such that for any two points x, y ∈ Λ there exist n ∈ Z for which d(fn(x), fn(y)) > γ.
Let M be a Riemannian manifold, f : M → M a diffeomorphism and {xn}n∈Z ⊂ M . We
say that {xn}n∈Z is a δ-pseudo orbit if d(f(xn), xn+1) < δ for every n ∈ Z. It is said to be
ε-shadowed by the orbit of y ∈M if d(fn(y), xn) < ε for every n ∈ Z.
Theorem 4.1. Shadowing Lemma
Let M be a Riemannian manifold, f : M → M a diffeomorphism, Λ ⊂ M a basic piece of
f and γ > 0 a constant of expansiveness in Λ. Then, there exists a neighborhood U(Λ) of Λ
such that for every positive number ε < γ2 , there exists δ > 0 for which every δ-pseudo orbit is
ε-shadowed by a unique orbit in Λ.
We say that a basic piece Λ is an attractor if there exists an open set U such that f(cl[U ]) ⊂ U
and Λ =
⋂
n∈N f
n(U), and it is a repeller if it is an attractor for f−1. We say that it is a non-
trivial attractor (repeller) when it is not a periodic orbit.
Remark 6. If Λ is a non-trivial attractor for a diffeomorphism f , Λ has index one andW u(x, f) ⊂
Λ for every x ∈ Λ. The analogous result holds for repellers.
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Remark 7. Let Λ be a non-trivial attractor (repeller) for f ∈ Homeo0(T
2). Then Λ 6= T2.
In fact, if Λ = T2 it is known that f is conjugate to an Anosov diffeomorphism (see [KH]),
which is not possible since f is homotopic to the identity.
Remark 8. Let Λ 6= T2 be a non-trivial attractor with a fixed point P0 of f ∈ Homeo0(T
2).
Then, there exists r′ > 0 such that for every positive number r < r′ we have [B(P0, r) ∩ Λ]P0 =
W ur (P0, f). An analogous result holds for repellers.
Otherwise, due to the local product structure one can observe that a stable arc is contained
in Λ. This, due to Remark 6 and the local product structure, would imply that Λ is an open set.
Hence Λ is closed and open so Λ = T2 which is absurd (see [KH] for the rigorous arguments).
Remark 9. Let Λ be a non-totally disconnected basic piece of a diffeomorphism f in Homeo0(T
2)
which is not a fixed point. Then, using that Λ 6= T2, we have that either it is a non-trivial
attractor or a non-trivial repeller. Furthermore, if Λ contains a fixed point then it is a connected
set.
This is a well-known statment in hyperbolic dynamics and can be proved by similar arguments
as the remark above.
The following Lemma refers to the topological stability of hyperbolic fixed points of saddle
type.
Lemma 4.1. Let P0 be a hyperbolic fixed point of saddle type for f . Then there exists δ0 > 0
such that given two positives numbers r ∈ (0, δ0) and η > 0 there exsits ξ > 0 with the following
property: if d0(f˜ , f) < ξ then there is a compact and connected set K that verifies
• dH(K,W
u
r (P0, f)) < η, and for some n ∈ N we have that K = f˜
n(K0) where
K0 ⊂
⋂
n∈N f˜
n(B(P0, η));
• there exists a f˜-invariant set K ′ ⊂ B(P0, η) such that K
′ ∩K 6= ∅.
(see figure 1).
PSfrag replacements
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Figure 1. Lemma 4.1. The set φ(B) is constructed in the proof.
Proof. Let φ : R2 → U be the Hartman-Grobman coordinates with φ([−1, 1]×{0}) =W uδ0(P0, f)
and φ({0} × [−1, 1]) = W sδ0(P0, f). For positive numbers r < δ0 and η let us fix a box B =
[a, b]× [c, d], such that:
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(i) 0 ∈ int(B), φ(B) ⊂ B(P0, η) ∩ U ;
(ii) f(φ(B)) ⊂ U ;
(iii) there exists n ∈ N such that for any compact and connected set L ⊂ B which intersect the
sets A1 = {a} × [c, d] and A3 = {b} × [c, d], we have dH(φ((Df)
n
P0
(L)),W ur (P0, f)) < η.
Is not difficult to see that this box can be constructed. In what follows we say that a compact
and connected set L ⊂ B joins A1 and A3 if it intersects A1 and A3. Furhter, we use the
analogous definitions for the sets A2 = [a, b]× {c} and A4 = [a, b]× {d}.
Now, we consider ξ1 > 0 such that if d0(f˜ , f) < ξ1 then g˜ = φ
−1 ◦ f˜ ◦ φ verifies:
(a) for every compact and connected set C ⊂ B which joins A1 and A3, the set g˜(C) ∩ B
contains at least one connected component which joins A1 and A3;
(b) for every compact and connected set C ⊂ B which joins A2 and A4, the set g˜
−1(C) ∩B
contains at least one connected component which joins A2 and A4;
Therefore property (a) allows us to do the following inductive definition:
K0 = B, F0 = {C : C connected component of g˜(K0) ∩B which joins A1 and A2};
K1 =
⋃
C∈F0
C, F0 = {C : C connected component of g˜(K1) ∩B which joins A1 and A2};
and in general:
Kn =
⋃
C∈Fn−1
C, Fn = {C : C connected component of g˜(Kn) ∩B which joins A1 and A2};
We remark here that due to consider C0-perturbations of f , we can not ensure that Kn has a
unique element for every n ∈ N. Now, we define KI =
⋂
n∈NKn which is a non-empty compact
set, since it is a decreasing intersection of non-empty compact set (notice that the families Fn
are finite). This implies that B+ =
⋂
n∈N g˜
n(B) is not empty since KI ⊂ B
+. Moreover if we
pick a point x ∈ KI ∩B
+, we have that [KI ]x joins A1 and A3.
In an analogous way by using the property (b), we can construct a non-empty compact set
KII with KII ⊂ B
− :=
⋂
n∈N g˜
−n(B). Furthermore if we pick now y ∈ KII , we have that [KII ]y
joins A2 and A4. This implies that the set K˜
′ := B+ ∩ B− =: K˜ ′ is a non-empty compact and
g˜-invariant set. Let z ∈ K˜ ′ and K˜0 := [KI ]z ⊂ B
+.
Due to the property (iii) in the definition of B, we can suppose the existence of ξ < ξ1 such
that if d0(f˜ , f) < ξ then for K := f˜
n(φ(K˜0)) we have dH(K,W
u
r (P0, f)) < η. Furthermore,
if we set φ(K˜0) =: K0 we have by definition that K = f˜
n(K0), and by construction that
K0 ⊂
⋂
n∈N f˜
n(B(P0, η)). Finally, if we take K
′ := φ(K˜ ′) we have that K ′ ⊂ B(P0, η) and
K ∩K ′ 6= ∅ since f˜n(φ(z)) ∈ K ∩K ′.

The following theorem is the key result for our purpose. It relates, in a dynamical way, totally
disconnected basic pieces with connected ones.
Theorem 4.2. Let Λ be a non-trivial attractor of a diffeomorphism f in Homeo0(T
2), P0 a
fixed point in Λ, U(Λ) as in Theorem 4.1 and U ⊂ U(Λ) an open and connected set such that
f(cl[U ]) ⊂ U and
⋂
n∈Z f
n(U) = Λ. Then, there exists ε0 > 0 such that if d0(f˜ , f) < ε0 we have:
(1) f˜(cl[U ]) ⊂ U and Λ˜ =
⋂
n∈N f˜
n(U) is a non-empty compact and connected set;
(2) there exists a continuous and onto map h : Λ→ Λ˜ such that d0(h, Id) <
1
4 and h◦f˜ = f◦h;
(3) h lifts to a continuous and onto map H : pi−1(Λ˜) → pi−1(Λ) such that for any two lifts
F˜ , F of f˜ , f we have H ◦ F˜ = F ◦H + v for some v ∈ Z2, and d0(H, id) <
1
4 .
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Proof. It is easy to see that there exists ε′ > 0 such that for all f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε
′
statement (1) holds. In the following we want to achieve point (2) in the theorem in two steps.
We first find ε1 > 0 for which the existence and continuity of the map h is guaranteed for any
f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε1 (i). The second step is find a positive number ε2 ≤ ε1, such
that if d0(f˜ , f) < ε2 then the map h is onto (ii).
i) Let α > 0 be such that α < min{γ2 ,
1
4}, where γ is the constant of expansiveness of f in
Λ, and consider δα > 0 associated to α by Theorem 4.1. Consider now a positive number
ε1 < min{δα, ε
′}. Then for every f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε1 we have that Λ˜ is
a non-empty invariant set of f˜ contained in U and every orbit of f˜ in Λ˜ is a δα-pseudo
orbit of f . Hence, by Theorem 4.1 to any point x ∈ Λ˜ we can associate a unique point
yx ∈ B(x, α)∩Λ such that its orbit by f α-shadows the orbit of x by f˜ . Thus, we define
h : Λ˜→ Λ by h(x) = yx.
Now we want to see that h is a continuous function. Consider a sequence {xn}n∈N
in Λ˜ converging to x0, and {yn = h(xn)}n∈N. Suppose for a contradiction that {yn}n∈N
does not converge to h(x0) = y0. Then we can consider a sequence {xnk}k∈N converging
to x0 such that {ynk}k∈N converges to z0 6= y0. It is not difficult to see that this
implies d(fn(z0), f˜
n(x0)) ≤
γ
2 for very n ∈ Z. On the other hand by definition of h
d(fn(y0), f˜
n(x0)) ≤
γ
2 for very n ∈ Z. Therefore d(f
n(z0), f
n(y0)) ≤ γ for very n ∈ Z
which is absurd since γ is the constant of expansiveness of f in Λ. So we have for every
f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε1 a continuous map h : Λ˜→ Λ such that d0(h, id) <
1
4
and h ◦ f˜ = f ◦ h. Moreover, we have that d0(h, id) ≤ d0(f˜ , f).
ii) Now we want to find a positive number ε2 ≤ ε1, such that for every f˜ ∈ Homeo0(T
2)
with d0(f˜ , f) < ε2 the map h is onto. Consider δ0 > 0 given by Lemma 4.1 for P0.
Define a positive number r0 < min{δ0,
γ
2 , r
′}, where r′ is given by Remark 8, such
that B(P0, r0) ⊂ U . Let W = W
u
r0
(P0, f), r1 =
r0
2 , and W
′ = W ur1(P0, f). Given a
parametrization with some orientation for W we can make use of standard notation for
defining arcs [c, d] in W . In particular W itself is an arc [a, b] such that P0 ∈ (a, b) and
W ′ is an arc [a′, b′] with a < a′ < P0 < b
′ < b (see figure 2).
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Now, let us consider η > 0 such that
min{d(a, a′), d(b′, b), d(a′, [P0, b]), d([a, P0], b
′), d(W ′, ∂B(P0, r0))} > 2η
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and take ξ′ > 0 associated to r1 and η by Lemma 4.1. Thus, if we consider ξ =
min{ξ′, ε1} by Lemma 4.1 we have for any f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ξ, the
existence of a non-empty compact and connected set K such that:
– K is contained in Λ˜, since K = f˜n(K0) with K0 ⊂
⋂
n∈N f˜
n(B(P0, η));
– K intersects a compact and f˜ -invariant set K ′ with K ′ ⊂ B(P0η).
(see figure 3)
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Due to the fact that r0 <
γ
2 we have necessarily that h(z) = P0 for every z ∈ K
′,
thus h(K) contains P0. Let ε2 = min{ξ, η}. Then for every f˜ ∈ Homeo0(T
2) with
d0(f˜ , f) < ε2 we have that h(K) ⊂ B(W
′, 2η) ⊂ B(P0, r0) is a compact and connected set
containing P0. Thus, by Remark 8 h(K) ⊂W . Furthermore if we choose x
′ ∈ K∩B(a′, η)
and y′ ∈ K ∩ B(b′, η), then for any f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε2, we have
that d(h(x′), a′) < 2η and d(h(y′), b′) < 2η. Hence by definition of η we have that
c := h(x′) ∈ [a, P0) and d := h(y
′) ∈ (P0, b]. By connectedness of K and continuity of h
we have that [c, d] ⊂ h(K).
Due to the properties of the semi-conjugacy, the set D =
⋃
n∈N f
n([c, d]) is contained
in h(Λ˜). On the other handD =W u(P0, f), which is dense in Λ (see 3.2). Thus h(Λ˜) = Λ
which means that h is onto for every f˜ ∈ Homeo0(T2) with d0(f˜ , f) < ε2.
We have already shown the existence of ε0 = min{ε
′, ε1, ε2} such that for any f˜ ∈ Homeo0(T
2)
with d0(f˜ , f) < ε0 (1) and (2) in the theorem are verified. Finally, we want to see that if
d0(f˜ , f) < ε0 then the map h lift to a map H with the properties given in the point (3).
For this, consider a map f˜ ∈ Homeo0(T
2) with d0(f˜ , f) < ε0 and for x˜ ∈ pi
−1(Λ˜) the point
h(pi(x˜)) = y ∈ Λ. Then since d0(h, Id) <
1
4 , there is a unique point in B(x˜,
1
4) ∩ pi
−1(y) that
we call y˜x. We define H : pi
−1(Λ˜) → pi−1(Λ) by H(x˜) = y˜x. It is not difficult to see that this
function is continuous, onto, and d0(H, Id) <
1
4 . Furthermore if we consider x ∈ pi
−1(Λ˜) and
v ∈ Z2, then H(x+ v) = H(x) + v. So H lifts h.
Further, for fixed lifts F˜ , F of f˜ , f and any point x ∈ pi−1(Λ˜) we have by the definition of H
thatH◦F˜ (x) = F◦H(x)+v(x) with v(x) ∈ Z2. Therefore we have that v(x) = H◦F˜ (x)−F◦H(x)
defines a continuous and integer-valued function in T2 over the set Λ˜, which is compact and
connected. Hence there exists v ∈ Z2 such that v(x) = v for every x ∈ pi−1(Λ˜). This completes
the proof.

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In the following we make use of the above theorem to compute the rotation set on basic pieces
which are either a non-trivial attractor or a non-trivial repeller.
Theorem 4.3. Let f ∈ Homeo0(T
2) be a diffeomorphism, Λ be a non-trivial attractor of f and
P0 a fixed point in Λ. Then conv(ρΛ(F )) is a rational polygon. An analogous result holds for
repellers.
Proof. Let U be an open and connected set such that f(cl[U ]) ⊂ U and
⋂
n∈Z f
n(U) = Λ. Let
ε0 > 0 be given by the Theorem 4.2. Due to Theorem 3.4 we can consider a fitted axiom A
diffeomorphism f˜ ∈ Homeo0(T
2) that d0(f˜ , f) < ε0. Therefore we have:
• f˜(cl[U ]) ⊂ U and Λ˜ =
⋂
n∈Z f˜(U) is a non empty compact and connected set;
• there exists a continuous and onto H : pi−1(Λ˜) → pi−1(Λ) such that for any two lifts
F˜ , F of f˜ , f we have H ◦ F˜ = F ◦H + v for some v ∈ Z2, and d0(H, id) <
1
4 . Further
H(x) + v = H(x+ v) for every x ∈ pi−1(Λ˜), v ∈ Z2.
This implies on one hand that for every x ∈ pi−1(Λ˜) if y = H(x) then H ◦ F˜n(x) = Fn(y)+ v.
Therefore, for every x ∈ pi−1(Λ˜) there exists y ∈ pi−1(Λ) such that d(Fn(y), F˜n(x)) < 14 + ‖v‖
for every n ∈ Z. On the other hand for every y ∈ pi−1(Λ) one can consider x ∈ H−1(y) and have
that H ◦ F˜n(x) = Fn(y) + v, so we have for every y ∈ pi−1(Λ) a point x ∈ pi−1(Λ˜) such that
d(Fn(y), F˜n(x)) < 14 + ‖v‖ for every n ∈ Z.
Is not difficult to see that the last observation implies ρΛ(F ) = ρΛ˜(F˜ ). Due to the fact that
f˜(cl[U ]) ⊂ U , and that f˜ is a fitted axiom A diffeomorphism, we have that Λ˜∩Ω(f˜) = Λ1∪...∪Λm
with Λi totally disconnected basic pieces of f˜ for i = 1, ...,m. This implies by Remark 5 that
conv(ρΛ˜(F˜ )) is a rational polygon, so it is conv(ρΛ(F )).

Corollary 4.1. Let f ∈ Homeo0(T
2) be an axiom A diffeomorphism. Then ρ(F ) is a rational
polygon.
Proof. Due to Theorem 3.2 there exists n ∈ N for which fn is an axiom A diffeomorphism with
basic pieces Λ1, ...,Λm, such that for each i = 1, ...,m the piece Λi contains a fixed point Pi
of fm. Whenever Λi is a totally disconnected basic piece of f we have seen in section 3 that
conv(ρΛi(F )) is a rational polygon. On the other hand when it is not totally disconnected due
to Remark 9 it is either a fixed point or a non-trivial attractor or a non-trivial repeller. Thus, by
Theorem 4.3 we have that conv(ρΛi(F
m)) is a rational polygon in any case. Therefore Remark
5 implies that ρ(Fm) is a rational polygon, and since ρ(F ) = 1
m
ρ(Fm) we have that ρ(F ) is a
rational polygon.

5. Minimal sets with rotation set given by a non trivial continuum.
In this section we observe the existence of minimal sets M ⊂ T2 for some f ∈ Homeo0(T
2),
such that ρM(F ) is a non trivial segment. We also observe that this phenomena is abundant in
Homeo0(T
2) (it occurs on an open set of the space). We start by proving that the rotation sets
associated to minimal sets are always continua (compact and connected sets).
Given F lift of f ∈ Homeo0(T
2) we define for any n ∈ N the function ϕn : T
2 → T2 by
ϕn(x) :=
Fn(x)−x
n
.
Remark 10. Let f ∈ Homeo0(T
2). Then there exists K > 0 such that ‖ ϕn+1(x)− ϕn(x) ‖<
K
n
for every x ∈ R2, F lift of f and n ∈ N.
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Theorem 5.1. Let f ∈ Homeo0(T
2) and assume that M is a minimal set of f and F is a lift
of f . Then ρM(F ) is a continuum.
Proof. Suppose for a contradiction that ρM(F ) = A1∪A2, where A1, A2 are non-empty disjoint
closed sets. Let δ = 13d(A1, A2). Definition of the rotation set implies that there exists n0 ∈ N
such that ϕn(M) ⊂ B(A1, δ) ∪ B(A2, δ) for every n ≥ n0. Due to Remark 10 we can assume
at the same time that ‖ϕn+1(x) − ϕn(x)‖ < δ for all n ≥ n0 and x ∈ M. As a consequence,
ϕn0(x) ∈ B(Ai, δ) implies ϕn(x) ∈ B(Ai, δ) for every n ≥ n0, x ∈ M and i = 1, 2. This directly
yields that M decomposes into two disjoint sets:
Ci = {x ∈ M : ρx(F ) ⊂ Ai} = {x ∈ M : ϕn0(x) ∈ cl[Bδ(Ai)]}; i = 1, 2
From the first characterization of Ci we see that they are f -invariant, whereas the second
characterization implies that they are closed. Further none of them can be empty, since this
would mean thatM = Ci for some Ci, and therefore ϕn(M) ⊂ cl[B(Ai, δ)] for all n > n0, which
implies that ρM(F ) = Ai in contradiction to the definition of A1 and A2.
Hence, we have decomposed M in two non-empty closed and f -invariant sets, contradicting
minimality.

Let us now consider a space of sequences of finite symbols Ω = {0, ..., N}Z. Let ξ′ :
{0, ..., n1} → Ω be a finite word and ξ : {0, ..., n2} → Ω either be a finite or infinite (n2 = ∞)
word, with n2 ≥ n1. We say that ξ
′ is a sub-word of ξ if there exist t ∈ N, 0 ≤ t ≤ n2 − n1 such
that ξ(i + t) = ξ′(i) for every i = 0, ..., n1. We say that ξ ∈ Ω is an almost periodic word if for
every sub-word ξ′ of ξ there exist Tξ′ ∈ N, such that for every sub-word α of ξ with length Tξ′ ,
we have that ξ′ is a sub-word of α.
Remark 11. Let σ : Ω→ Ω be the shift, that is σ(ξ)(i) = ξ(i+1). Then for any almost periodic
sequence ξ ∈ Ω the set M = cl[{σn(ξ) : n ∈ Z}] is a minimal set.
In the following lemma some special almost periodic sequences are constructed. Given ξ ∈ Ω
we define Sn(ξ) =
∑n−1
i=0 ξ(i)
n
.
Lemma 5.1 (Communicated by Tobias Ja¨ger). For every δ > 0 there exists an almost periodic
sequence ξ ∈ {0, 1}Z, such that lim inf Sn(ξ) < δ and lim supSn(ξ) > 1− δ.
Proof. Let us fix δ > 0 and consider t ∈ N such that 2−t < δ. We define recursively the sequence
{an}n∈N by an+1 = 2
t+nan and a0 = 1. Further we consider the following family of subsets of
the positive integers:
• An = [0, ..., an], B0 = A0;
• Bn = (An + an+1N) \Bn−1 for every n > 0. Note that
⊎∞
n=0Bn = N.
We consider now ξ ∈ Ω defined by
ξ(i) =


0 :| i |∈ Bn, n even
1 :| i |∈ Bn, n odd
Given a finite sub-word ξ′ of ξ we have by construction a sub-word w of ξ, which is the
restriction of ξ to some An0 , such that ξ
′ is a sub-word of w. Furthermore again by construction,
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we have that every sub-word of ξ with Length an0 + 2
t+n0an0 contains w as a sub-word. This
implies the almost periodicity for ξ.
Now, on the other hand, if we consider n ∈ N \ {0} even we have by construction that
San <
1
an
· an−1, and hence San <
1
an
· an−1 < 2
−t < δ. On the other hand, if we consider n ∈ N
odd we have that San >
1
an
(an − an−1) > 1−
an−1
an
> 1− 2−t > 1− δ. So, lim inf Sn(ξ) < δ and
lim supSn(ξ) > 1− δ.

An important corollary of the last lemma is the following:
Corollary 5.1. Let C be an invariant set of f ∈ Homeo0(T
2) which admits a rotational Markov
partition S = {S0, S1}. Further, let F be a lift of f and assume that τ(0) = {0, 1}, τ(1) = {0, 1}
and s0 6= s1. Then there exists a minimal set M of f such that ρM(F ) is a non-trivial segment.
Proof. Let us first assume that s0 = 0 and s1 = (1, 0). Consider δ ∈ (0,
1
2), and ξ ∈ ΩS given by
Lemma 5.1. By Remark 11 we have that M′ = cl[{σn(ξ) : n ∈ Z}] is a minimal set for the shift
σ : ΩS → ΩS .
Let M be a minimal set of f contained in h−1S (M
′). Since M′ is a minimal set of σ, we have
that hS(M) =M
′, and in particular ξ ∈ hS(M). Then, by defining
ξn : {0, ..., n − 1} → {0, 1} as ξn(i) = ξ(i) for every i ∈ Z, we have that ξn ∈ Ω
f
S and
ψ(ξn)
n
= Sn
for every n ∈ N. Thus, by Corollary 2.1 lim inf Sn(ξ) and lim supSn(ξ) are two different points
in ρM(F ). Further, by construction we know that ρM(F ) ⊂ conv({(0, 0), (1, 0)}). Then by
Theorem 5.1 we have that ρM(F ) is a non trivial segment.
Now, let L : R2 → R2 be a afine linear isomorphism with L(Z2) ⊂ Z2 and denote by AL the
induced torus automorphism. Then if C is a closed f -invariant set and g := AL ◦ f ◦ A
−1
L , we
have ρ
A−1
L
(C)(g) = L(ρC(f)) (see [K1]). Hence by considering L taking s0 to 0 and s1 to (1, 0)
and applying the argument above to g, we get the result in full generality.

In what follows, we want to see that the existence of minimal sets with non-trivial segments
as rotation sets is abundant in the C0 topology. In fact, we will prove first that for any axiom A
diffeomorphism whose rotaion set has non-empty interior this kind of minimal sets exists, and
then we extend its existence to an open set in Homeo0(T
2). Given any basic piece Λ ⊂ T2 we
write Λ˜ = pi−1(Λ).
Lemma 5.2. Let Λ be a totally disconnected saddle basic piece of f ∈ Homeo0(T
2) with a
fixed point P0 ∈ Λ. Further consider a rotational Markov partition S = {S0, ..., SN} of Λ such
that P0 ∈ S0 and assume that conv(ρΛ(F )) is not a singleton. Then, for a lift F of f and
P˜0 ∈ pi
−1(P0) with F (P˜0) = P˜0, we have that W
u(P˜0, F )∩ Λ˜ has non-empty intersection with at
least two connected components of pi−1(S0).
Proof. To prove this it is sufficient to do it for some particular P˜0 and F with F (P˜0) = P˜0.
Let D be a trivial domain such that P˜0 ∈ D, pi(D) ⊃
⋃N
i=0 Si and let S˜i = D ∩ pi
−1(Si).
We affirm first that there exists i0 ∈ {0, ..., N} such that W
u(P˜0, F ) ∩ Λ˜ ∩ S˜i0 + v0 6= ∅ and
W u(P˜0, F ) ∩ Λ˜ ∩ S˜i0 + v1 6= ∅ for some v0, v1 ∈ Z
2 with v0 6= v1. Otherwise we have necessarily
that cl[W u(P˜0, F )]∩ Λ˜ =: Λ˜0 is a bounded F -invariant set with pi(Λ˜0) = Λ. Hence ρΛ(F ) = {0}
which is absurd.
Now, we can consider two points x˜0, x˜1 ∈ S˜0 ∩ Λ˜ such that F
n(x˜0) ∈ S˜i0 + v0 and F
n(x˜1) ∈
S˜i0 + v1. For x0 = pi(x˜0) and x1 = pi(x˜1) we consider the finite words
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α0 : {0, ..., n} → {0, ..., N} and α1 : {0, ..., n} → {0, ..., N} such that α0(i) = hS(x0)(i) and
α1(i) = hS(x1)(i) for every i ∈ {0, ..., N}. Further since Λ is transitive we can consider a finite
word β : {0, ...,m} → {0, ..., N} such that β(0) = i0 and β(m) = 0.
As we have seen in the section 2.2 we can take now ξ0, ξ1 ∈ ΩS defined as:
ξ0(i) =


0 : i ≤ 0, i ≥ n+m
α0β(i) : 0 ≤ i ≤ n+m
, ξ1(i) =


0 : i ≤ 0, i ≥ n+m
α1β(i) : 0 ≤ i ≤ n+m
Let y0 ∈ h
−1
S (ξ0), y1 ∈ h
−1
S (ξ1), y˜0 ∈ pi
−1(y0) ∩ S˜0 and y˜1 ∈ pi
−1(y1) ∩ S˜0. Is easy to see that
y˜0, y˜1 ∈W
u(P˜0, F ) ∩ Λ˜.
Due to the fact that S is a rotational Markov partition, we have on the one hand that F i(y˜0)
and F i(x˜0) belong to the same connected component of pi
−1(
⋃N
i=0 Si) for every i = 0, ..., n, and
the same holds for F i(y˜1) and F
i(x˜1). Otherwise we necessarily have that F (Si∗) intersects
Sj∗ + u0 and Sj∗ + u1, for some i∗, j∗ ∈ {0, ..., N} with u0 6= u1 ∈ Z
2.
On the other hand, by the same reason, for every j ∈ {0, ...,m} we have the following:
if Fn+j(y˜0) ∈ S˜ij + wj , wj ∈ Z
2, then Fn+j(y˜1) ∈ S˜ij + wj + v, where v = v1 − v0.
Hence Fn+m(y˜0) ∈ S˜0 + wm and F
n+m(y˜1) ∈ S˜0 + wm + v with v 6= 0.

Theorem 5.2. Let Λ be a totally disconnected saddle basic piece of f ∈ Homeo0(T
2) with a
fixed point P0 ∈ Λ. Further assume that conv(ρΛ(F )) is not a singleton for some F lift of f .
Then Λ contains a minimal set M such that ρM(F ) is a non-trivial segment.
Proof. Let us first fix P˜0 ∈ pi
−1(P0) and a lift F of f with F (P˜0) = P˜0. We consider a rotational
us-Markov partition S = {S0, ..., SN} given by Corollary 3.2 with P0 ∈ S0. Further we consider
a trivial domain D such that pi(D) ⊃
⋃N
i=0 Si and S˜i = D ∩ pi
−1(S1). Thus we know by Lemma
5.2 that there exists n ∈ N and x˜ ∈ S˜0 ∩ Λ˜ such that F
n(x˜) ∈ S˜0 + v ∩ Λ˜ with v ∈ Z
2 \ {0}. Set
pi(x˜) = x.
We now define g = fn. Due to the choice of S we know that g∗(S) is a rotational
us-Markov partition of Λ for g. Furthermore the sets S′0 := [f
−n(S0) ∩ S0]P0 =
pi([F−n(S˜0)∩ S˜0]P˜0) and S
′
1 := [f
−n(S0)∩ S0]x = pi([F
−n(S˜0)∩ S˜0]x˜) are two elements in g∗(S),
which are vertical rectangles of S0, and the sets T
′
0 = f
n(S′0), T
′
1 = f
n(S′1) are horizontal
rectangles in S0.
Due to the local product structure of Λ and the fact that S is a us-partition, we have that
S′0 ∩ T
′
0 ∩ Λ 6= φ, S
′
0 ∩ T
′
1 ∩ Λ 6= φ, S
′
1 ∩ T
′
0 ∩ Λ 6= φ and S
′
1 ∩ T
′
1 ∩ Λ 6= φ. Hence we have that
τg(0) ⊃ {0, 1} and τg(1) ⊃ {0, 1}. Further by definition we have s
′
0 = 0 and s
′
1 = v for F
n.
Let us now consider C = h−1
g∗(S)
({ξ ∈ Ωg∗(S) : ξ(i) ∈ {0, 1} for every i ∈ Z}). The above
argument implies that C is a a non-empty g-invariant closed set. Furthermore by construction
S ′ = {S′0, S
′
1} is a rotational Markov partition of C for g = f
n with s′0 = 0 and s
′
1 = v for
Fn. Therefore due to Corollary 5.1 there exists a minimal set M′ of g such that ρM′(F
n) is a
non-trivial segment. Hence, defining M = M′ ∪ ... ∪ fn−1(M′) we have that M is a minimal
set of f contained in Λ with ρM(F ) =
1
n
ρM′(F
n).

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We have thus obtained a criterion to ensure the existence of minimal sets with non-trivial
segments as rotation sets. Using this result we can now show that this phenomena is abundant
in Homeo0(T
2).
Corollary 5.2. Let f ∈ Homeo0(T
2) be a fitted axiom A diffeomorphism with int(ρ(F )) non-
empty. Then, there exists a minimal set M of f such that ρM(F ) is a non-trivial segment.
Proof. By the same argument as in the final part of the previous proof, is sufficient to show the
existence of a minimal set with the rotation set given by a non-trivial segment for some power
of f . Let us consider n ∈ N such that each basic piece of g := fn has a fixed point of g. Due to
a result by Franks [F2], we have for any vector v ∈ Q2 ∩ int(ρ(G)) a periodic point x ∈ T2 such
that limn
Gn(x˜)−x˜
n
= v, where G = Fn. Therefore, if Λ1, ...,Λm are the basic pieces of g, there
exists i0 ∈ {1, ...,m} such that Λi0 contains two periodic points x1, x2 with limn
Gn(x˜1)−x˜1
n
= v1
and limn
Gn(x˜2)−x˜2
n
= v2 for two different vectors v1 and v2. Thus conv(ρΛ(G)) is not a singleton.
Further, it is not difficult to see that Λ must be a totally disconnected saddle basic piece,
which by definition of g contains some fixed point. Thus, by Theorem 5.2 we obtain the existence
of a minimal set of g with a non-trivial segment as rotation set.

By the same techniques as in the proof of Theorem 4.3, one can achieve the generalization of
the last corollary to any axiom A diffeomorphism in Homeo0(T
2).
Corollary 5.3. Let fHomeo0(T
2) be a axiom A diffeomorphism with int(ρ(F )) non empty for
some lift F of f . Then, there exists M minimal set of f such that ρM(F ) is a non-trivial
segment.
LetA ⊂ Homeo0(T
2) be defined asA = {f ∈ Homeo0(T
2) : int(ρ(F )) 6= φ for some F lift of f}.
As shown in [MZ2] this set is open in Homeo0(T
2).
Corollary 5.4. There exists an open and dense set D′ ⊂ A, such that any f ∈ D′ has a minimal
set M with ρM(F ) given by a non trivial segment.
Proof. Let D be the set constructed in Section 3.6, and D′ := D ∩ A. Thus by construction of
D for any element g ∈ D′ there exist a fitted axiom A diffeomorphism f ∈ D′ and a homotopic
to the identity map h : T2 → T2 such that h semi-conjugates g with f (h ◦ g = f ◦ h).
Due to the corollary 5.2 we have the existence of a minimal set M′ of f such that ρM′(F )
is a non trivial segment for some lift F of f . Le us define the g-invariant set M′′ = h−1(M′),
and consider a minimal set M ⊂ M′′ of g. Hence, since M′ is a minimal set of f we have
necessarily that h(M) =M′. Thus by the properties of the rotation set we have that ρM(G) is
a non-trivial segment.

Finally, inspired by the result given in [MZ2] we pose the following question:
Given f ∈ A and a continuum C ⊂ int(ρ(F )), does there exists a minimal set M of f such
that ρM(F ) = C?
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